Assume that A and B are non-void subsets of a metric space, and that S : A −→ B and T : A −→ B are given non-self mappings.
Introduction
Fixed point theory sheds light on the methodologies for finding a solution to non-linear equations of the type T x = x where T is a self-mapping defined on a subset of a metric space, a normed linear space, a topological vector space or some appropriate space. But, the equation T x = x is unlikely to have a solution when T is not a self-mapping. Therefore, one deals with the problem of finding an element x that is in some sense close proximity to T x. In fact, best approximation theorems and best proximity point theorems are applicable to solve such problems. If K is a non-empty compact convex subset of a Hausdorff locally convex topological vector space E and T : K −→ E is a non-self continuous map, then a classical best approximation theorem, due to Fan [8] , asserts that there is an element x satisfying the condition that d(x, T x) = d(T x, K). Later, this result has been extended in several directions by many authors, including Prolla [13] , Reich [14] and Sehgal and Singh [21, 22] . A unification of all such best approximation theorems has been accomplished by Vetrivel, Veeramani and Bhattacharyya [24] .
Although the best approximation theorems are adapted to present an approximate solution to the equation T x = x, such results may not yield an approximate solution that is optimal. On the the other hand, best proximity point theorems provide an approximate solution that is optimal. In fact, a best proximity point theorem specifies sufficient conditions for the existence of an element x such that the error d(x, T x) is minimum. A best proximity point theorem is primarily dedicated to global minimization of the real valued function x −→ d(x, T x), which furnishes a yardstick for the error involved for an approximate solution of the equation T x = x. In view of the fact that, for a non-mapping T : A −→ B, d(x, T x) is at least d(A, B) for all x in A and y in B, a best proximity point theorem achieves global minimum of the error d(x, T x) by necessitating an approximate solution x of the equation T x = x to comply with the condition that d(x, T x) = d(A, B). Such an optimal approximate solution of the equation T x = x is said to be a best proximity point of the non-self mapping T : A −→ B. Also, it is interesting to see that best proximity point theorems emerge as a natural generalization of fixed point theorems, because a best proximity point reduces to a fixed point if the mapping under consideration turns out to be a self-mapping.
Anthony Eldred, Kirk and Veeramani [5] have investigated best proximity point theorems for relatively non-expansive mappings, an alternative approach to which has been discussed in [20] . A best proximity point theorem for contractions has been explored in [19] . Anuradha and Veeramani [6] have analyzed best proximity point theorems for proximal pointwise contraction mappings. Further, Best proximity point theorems for several variants of contractions have been examined in [1] , [4] , [7] and [10] . A best proximity point theorem for contractive mappings has been explicated in [18] . Moreover, best proximity point theorems for several kinds of set-valued mappings have been probed in [2] , [3] , [11] , [12] , [15] , [16] , [17] , [23] and [25] .
The main aim of this article is to resolve a more general problem on the 2
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existence of common best proximity points for pairs of non-self mappings. In fact, in the framework of metric spaces, a common best proximity point theorem is elicited for pairs of contraction-like non-self mappings. As a consequence, the result derived in this article ascertains a common global minimal solution to the problem of minimizing the real valued multi-objective functions x −→ d(x, Sx) and x −→ d(x, T x), which in turn gives rise to a common optimal approximate solution of the fixed point equations Sx = x and T x = x, where the non-self mappings S : A −→ B and T : A −→ B satisfy contraction-like condition. Further, the preceding result generalizes a common fixed point theorem, due to Jungck [9] , for pairs of commuting self-mappings, which in turn gives rise to the noteworthy Banach's contraction principle.
Preliminaries
Given non-empty subsets A, B and C of a metric space, the following notions will be used in the sequel.
Definition 2.1: An element x * in A is said to be a common best proximity point of the non-self mappings S : A −→ B and T : A −→ B if it satisfies the condition that
It should be observed that a common best proximity point is an element at which both real valued functions x −→ d(x, Sx) and
Further, if the underlying mappings are self-mappings, a common best proximity point becomes a common fixed point. for all x 1 and x 2 in A.
It is evident that if F and S are contractions, and GT is the identity mapping, then (F , S) is strongly dominated by (G, T ).
Definition 2.3: Given mappings S : A −→ B, T : A −→ B and F : B −→ A, the mapping F is said to commute with the pair (S, T ) if SF T = T F S.
It is obvious that if S and T are commuting self-mappings on the same set, then the identity mapping commutes with the pair (S, T ).
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Contraction-like non-self mappings
A key common best proximity point theorem for pairs of non-self mappings satisfying contraction-like condition is furnished as follows. (e) GT and T G are continuous.
(f ) There is a non-negative number α < 1 such that
Then, there exist u ∈ A and v ∈ B such that
If, in addition, (I, S) is strongly dominated by (I, T ), where I is the identity mapping on B, then
whenever u * is another common best proximity of S and T . Proof: Let x 0 be an element in A. Since F S(A) ⊆ GT (A), an element x 1 ∈ A can be chosen such that F S(x 0 ) = GT (x 1 ). Given x n ∈ A, it is possible by induction to find x n+1 ∈ A such that
So, {F S(x n )} is a Cauchy sequence. Eventually, {GT (x n )} is also a Cauchy sequence. Because of the completeness of the space, there exists an element x ∈ A such that {F S(x n )} −→ x and {GT (x n )} −→ x. Since F S and GT are continuous,
Since F S commutes with GT , it follows that GT x = F Sx. Let u = F Sx = GT x. Then, since F S commutes with GT and (F , S) is dominated by (G, T ),
Consequently, F Su = u.
A similar argument can be given to assert that there exists an element v ∈ B such that SF v = T Gv = v. Also, since T commutes with the pair (F , G),
So, it follows that F v = u. Similarly, it can be shown that Gv = u, Su = v and T u = v.
If (I, S) is strongly dominated by (I, T ) and u * is another common best proximity point of S and T , then
This completes the proof of the theorem.
The preceding best proximity point theorem is illustrated by the following example. Let G : B −→ A be defined as Gy = −y for all y ∈ B.
It is easy to see that all the hypotheses of Theorem 3.1 are satisfied. Further, x = 1 is a common best proximity point of S and T . Also, y = −1 is a common best proximity point of F and G.
If S and T are self-mappings on X, and F and G are identity mappings on X, then Theorem 3.1 yields the following common fixed point theorem, due to Jungck [9] , for pairs of commuting self-mappings, which in turn includes the Banach's contraction principle. Then S and T have a unique common fixed point.
